We study the Bernoulli property for a class of partially hyperbolic systems arising from skew products. More precisely, we consider a hyperbolic map (T, M, µ), where µ is a Gibbs measure, an aperiodic Hölder continuous cocycle φ : M → R with zero mean and a zero-entropy flow (K t , N, ν). We then study the skew product
Introduction
Chaotic properties of smooth dynamical systems have been an active area of research for the last sixty years. One of the most chaotic property of a smooth system is being isomorphic to an independent process, i.e. being a Bernoulli system. By now, there are many examples of smooth Bernoulli systems, the main source of such coming from algebraic setting. Bernoulli property is known to hold for ergodic toral automorphisms [22] , ergodic autmorphisms of nilmanifolds [14, 29] , positive entropy translations on irreducible quotients of semi-simple Lie groups [11, 18, 24] . There are also Bernoulli systems outside algebraic world: Anosov maps [4, 35] , Anosov flows [27] , hyperbolic billiards (with singularities) [9] , suspensions of Anosov maps [6, 28] , certain compact group extension of Anosov diffeomorphisms [30] . However, apart from algebraic systems, all examples of smooth Bernoulli systems have a very strong restriction on possible behavior on the center space: the center is either trivial or isometric. The main reason is that in the non-algebraic setting, the main tool of establishing Bernoulli property is the geometric mechanism introduced in [24] which, by its nature, puts the aformentioned strong restrictions on the center space.
We are interested in the Bernoulli property for (non-algebraic) partially hyperbolic systems which have a non-trivial growth on the center. Historically (see eg. [17, 20, 23, 31] ) a successful class of smooth systems for which various chaotic properties were studied are skew products. In the abstract setting, skew products are defined as follows: fix T : (X, µ) → (X, µ) (the base), S : (Y, ν) → (Y, ν) (the fiber) and a cocycle φ : X → Z. Then the skew product acting on (X × Y, µ × ν) is given by
Skew products transformations are a rich source of K non-Bernoulli systems [2, 17, 19, 20] . On the other hand, in the measurable category, for T being the full two-shift, some rank one S : (Y, ν) → (Y, ν) and some special cocycles φ (crucially depending only on the zero-th coordinate), the skew product remains Bernoulli [7, 8] .
To study skew products in smooth category, it is enough to take S = (S t ) to be a smooth flow and a smooth cocycle φ : X → R in (1) . In this setting however, the measurable approach from [7, 8] breaks down as they crucially used the fact that the cocycle depends on one (or finitely many) coordinates which is not compatible with smoothness of φ. This is one of the reasons why, as mentioned above, there are no examples of non-algebraic Bernoulli systems for which the center has non-trivial growth.
In this paper, we consider skew products T φ of the following form:
• the base T : (M, µ) → (M, µ) is a hyperbolic diffeomorphism with µ being a Gibbs measure;
• the cocycle φ : M → R is aperiodic (see Definition 2.2) and of zero mean;
• the fiber (K t ) : (N, ν) → (N, ν) is quasi-elliptic (see Definition 1.1) and having a regular generating partition (see Definition 1.2)
Our main result (see Theorem 1.3 and Corollary 1.4) is that under the above assumptions the skew product T φ is a Bernoulli system. In Section 6 we show that the above assumptions on the fiber are satisfied for K t being a typical (in the measure theoretic sense) translation flow on every surface of genus ≥ 1 and also for smooth reparametrizations of linear flows on T 2 . Recall that by [3] it follows that a typical translation flow is weakly mixing. Moreover, by [13, 34] it follows that there exist weakly mixing smooth reparametrizations of linear flows on T 2 . As a consequence, we provide first examples of non-algebraic smooth Bernoulli systems with non-trivial growth on the center (in fact weakly mixing). This should be contrasted with a recent result in [19] , where the authors showed non-Bernoulliness of analogous skew products on T 2 ×T 2 , where K t was a toral flow with a highly degenerated fixed point (Kochergin flow). The difference is that unlike for Kochergin flows our examples exhibit a slow divergence of nearby points at all scales (slow growth). We now pass to a more precise description of our results.
Main results
Definition 1.1. We say, a flow (K t , N, ν, d) is quasi-elliptic if there exist real positive sequences
and a sequence {N i ⊂ N} with ν(N i ) → 1, such that the following two conditions hold:
(A) for any i ∈ N and any pair (y 1 ,
(B) K t is almost continuous along the orbits: there exists a sequence of sets (Z j ), ν(Z j ) → 1 satisfying: for every j and every η > 0 there exists a ξ j > 0 such that for every |t| < ξ j and every y ∈ Z j , d(K t y, y) < η;
(C) for every ǫ > 0 there exists i ǫ , j ǫ such that ν(Z jǫ ) > 1 − ǫ, and for every i ≥ i ǫ for every y 1 , y 2 as in (A),
To better understand the definition we remark that condition (A) is related to good equidistribution on the sets {N i }, and (C) describes slow orbit divergence along the subsequence {b i }.
We say a flow (K t , N, ν, d) has a regular generating partition if there exists a (finite) partition Q of N and t 0 ∈ R such that (1) the automorphism K t 0 is ergodic,
Here ∂Q is the union of the boundaries of atoms of Q, and V η (∂Q) is the η neighborhood of ∂Q (namely, all the points whose distance to ∂Q is less than η).
Our main result is:
be a transitive subshift of finite type with a Gibbs measure µ and let φ : Σ A → R be an aperiodic (see Definition 2.2), Hölder continuous function such that Σ A φdµ = 0. Assume that (K t , N, ν, d) is a quasi-elliptic ergodic flow with a regular generating partition. Then the skew product (σ φ , Σ A × N, µ × ν) is Bernoulli.
Let T ∈ Diff ∞ µ (M) be a hyperbolic diffeomorphism (admitting a Markov partition) with a Gibbs measure µ. It is well known ( [4, 25] ) that (T, M, µ) is isomorphic to a subshift of finite type with a Gibbs measure, and there is a one to one map from the space of Hölder functions on M to that on the shift space. With this observation, we have
be a hyperbolic diffeomorphism (admitting a Markov partition) with a Gibbs measure µ. Let (K t , N, ν, d) be an ergodic, quasielliptic flow with zero entropy, which admits a regular generating partition. Let φ : M → R be an aperiodic smooth function with M φdµ = 0. Then the skew
In Section 6 we show that the class of quasi-elliptic flows with regular generating partition includes typical translation flows and smooth reparametrizations of twodimensional linear toral flows. As a consequence we get: Corollary 1.5. Let (T, φ) be as in Corollary 1.4. Then for every surface S of genus ≥ 1 and a.e. translation flow K t on S the corresponding skew product T φ is Bernoulli. The same holds if K t is any C 1 smooth reparametrization of linear flow on T 2 .
Preliminaries

Subshifts of finite type
For t, s ∈ Z, we define the cylinder sets by setting
We assume that A is irreducible, which implies that σ :
where k is the largest positive integer such that (ω 1 ) i = (ω 2 ) i for any |i| < k.
In this paper, we are interested in the measure preserving system
where µ is a Gibbs measure with a Hölder potential. We refer the reader to [5] for the more detailed definition of Gibbs measure. Here we will emphasize the main property that we will use later. If µ is a Gibbs measure, then it has a local product structure, namely µ is equivalent to µ + ω × µ − ω locally. More precisely, there exist a δ > 0 and a Hölder function h ω (·) such that if D 2 (x, ω) < δ, then
Let H ω 1 ,ω 2 be the canonical holonomy map (along stable manifolds) from Σ + A (ω 1 ) to Σ + A (ω 2 ). Since µ is Gibbs, it follows that for any ǫ > 0, there exists a δ > 0 such that if ω 1 , ω 2 satisfies D 2 (ω 1 , ω 2 ) < δ, then for any cylinder C ⊂ Σ + A (ω 1 ),
Rokhlin's disintegration and conditional measures
Let
and the unstable set (future)
Note that every x ∈ Σ A can be uniquely written in the form x = (x − , x + ), where x − ∈ Σ − A and x + ∈ Σ + A . For i ∈ {+, −}, let π i denote the canonical projection from Σ A to Σ i A (π i (x) := x i ). Let µ i be the pushforward of µ by π i on Σ i A , i.e. µ i = (π i ) * µ. We remark that in general µ = µ − × µ + . This is one of the differences between the full shift and subshifts of finite type.
We can also denote Σ − A (x) for x ∈ Σ + A since it fixes the future coordinates, and analogously Σ + 
We call Φ(x) the conditional measure of µ restricted to the stable set Σ − A (x). For simplicity of notation, we denote it µ −
x for x ∈ Σ + A . Analogously, we have another family of conditional measures µ +
x for x ∈ Σ − A .
Cocycles over subshifts of finite type
We first recall the following classical result (see eg. [35] or Proposition 1.2 in [26] ). (2) h is Hölder continuous,
We remark that analogous statement holds if we replace past by future in the above lemma. We will use the above lemma to simplify the description of atoms of ∞ i=0 T i R for any generating partition R in Lemma 4.5. This is crucial in later construction of matching.
Mixing local limit theorem
Let σ : (Σ A , µ) → (Σ A , µ) be a transitive subshift of finite type (with µ being a Gibbs measure). Let ψ ∈ C β (Σ A ) be Hölder continuous with exponent β, and Σ A ψdµ = 0. Assume moreover that ψ is not a coboundary, i.e. there does not exist a measurable solution h, to
Since ψ is not a coboundary, the well known Central Limit Theorem (CLT) asserts that
Here g ̺ (t) = e − 1 2 ̺ 2 t 2 is the Gaussian density function with deviation ̺. The relation of ψ and ̺ is given by the Green-Kubo formula,
We will need a refined version of CLT, together with the mixing property. For this purpose, we introduce the following definition.
We recall that by [26] , if a Hölder cocycle f is periodic, then the transfer function might be chosen to be Hölder continuous.
We adapt the definition in [12] to our case as follows.
Definition 2.4 ([12]
). Let T : (X, µ) → (X, µ) and let ψ : X → R be square integrable. We say that (T, ψ) satisfies the mixing local limit theorem (MLLT) if there are some functions g and h, where h is bounded and µ-almost everywhere continuous, such that ψ = g−h+h•T , a number ̺ such that, as n → ∞, the following holds: for any bounded and continuous α, β : X → R and for any continuous and compactly supported γ : R → R, for any sequence ω n satisfying
The convergence is uniform once K is fixed and ω is chosen from a compact set.
Here u is a measure on R.
We also want to remark that MLLT holds for Anosov diffeomorphisms ( [16] ), certain suspension flow over hyperbolic systems ([12] ), certain systems admitting Young towers ( [15] ). We will need MLLT for transitive subshifts of finite type (for the proof see eg. [16] ).
Theorem 2.5. Let σ A be a transitive subshift of finite type with a Gibbs measure µ. Then for every aperiodic, Hölder continuous function ψ, (σ A , ψ) satisfies MLLT with the measure u equivalent to Lebesgue measure on R.
The following result is essential in next section. Corollary 2.6. Let (σ A , ψ, µ) with ψ aperiodic and Σ A ψdµ = 0. Let C 1 , C 2 ∈ Σ A be two cylinder sets. Then for any k ∈ R and any compact interval
as n → ∞. Moreover the convergence is uniform if k is taken from a compact set.
Proof. This follows directly from the definition of MLLT and Theorem 2.5. Indeed, since (σ A , ψ) satisfies MLLT, one can approximate the characteristic functions χ C 1 , χ C 2 and γ I = χ I by a sequence of continuous functions.
CLT and MLLT for conditional measures
be a transitive subshift of finite type with a Gibbs measure µ. Assume ψ is aperiodic, depends only on the past and Σ A ψ(x)dµ = 0.
Then for µ a.e. x the following holds: for any cylinder set C ⊂ Σ A for any k ∈ R and any compact interval
For the ǫ, it is easy to see that there exists an ℓ ∈ N such that (3) holds for any ω 2 ∈ C ℓ (ω 1 ), and also if ω,ω ∈ C ℓ (x) and they have the same future, then
Indeed, the existence is guaranteed by the assumption that φ is Hölder and depends only on the past.
Indeed, this follows easily from the choice of ℓ, the definition of the holonomy map H ·,· and (7). Therefore, by (3) and (7), for any
integrating both sides of (8) for ω 1 ∈ C ℓ (x), we have
Now notice that by Corollary 2.6, as n → ∞,
Hence from this, by letting
This finishes the proof.
be a transitive subshift of finite type associated with a Gibbs measure µ. Assume ψ is aperiodic, depends only on the past and
Proof. This is an immediate consequence of Proposition 3.1.
Very weak Bernoulli property
We say that a partition R is generating if +∞ −∞ T i R = B. We will say that a property is satisfied for ǫ a.e. atom of a partition P, if the measure of the union of all atoms which don't satisfy this property is less than ǫ. For two partitions P = (P 1 , . . . P k ) and Q = (Q 1 , . . . Q k ), let
The definition ofd naturally extends to partitions on different spaces (see eg. (4)- (7) in [24] ). For two sequences of partitions
For a partition Q and a set A ⊂ X let
be a partition of A with the normalized measure µ A . Our strategy of showing that a transformation is Bernoulli is to establish the very weak Bernoulli property with respect to a generating partition R. 
i.e. the unconditional distribution is ǫ close to the distribution conditioned on r.
We will use a different characterization of VWB systems. For this we recall the definition of ǫ-measure preserving map. A map θ : (X, µ) → (Y, ν) is called ǫ-measure preserving if there exists a set E ′ ⊂ X, µ(E ′ ) < ǫ and such that for every
We have the following lemma: T i R (meaning it is measurable with respect to this partition) such that µ(G) > 1 − ǫ and for every pair of atoms r,r ∈ G, there is an ǫ-measure preserving map Φ r,r : (r, µ r ) → (r, µr) and a set L ⊂ r such that:
(1) µ r (L) < ǫ, here µ r is the conditional measure of µ with respect to ∞ i=0 T i R,
Proof. The proof is almost identical to an analogous statement (for weak Bernoulli partitions) in [33] (in particular see the reasoning in (1)-(5) in [33] ). The only difference is that we require Φ r,r to be only ǫ-measure preserving (and in [33] the map is measure-preserving). Fix ǫ > 0. Notice that (9) is equivalent to existence of a set G m ⊂ m i=0 T i R with µ(G m ) > 1 − ǫ and such that for every r,r ∈ G m ,
(see (2) in [33] ). This, by Lemma 1.3. in [24] will follow if we show existence of a ǫ/16-measure preserving map Φ = Φ n,r,r : This is the only difference with the reasoning in [33] , where it is said that (10) is equivalent to the existence of a measure preserving map. Now the proof is identical to the proof in [33] (see (2)- (4)). More precisely, one uses existence of regular probabilities to define
and next we use martingale theorem to get an integer M and a set G
VWB property for skew products
By changing φ by a coboundary (see Lemma 2.1), we may assume further φ depends only on the past. We emphasize that, T is ergodic, eg. [10] . Let P m := (P 0 , . . . , P m−1 ) be the partition of Σ A into cylinders C [ω 0 ], and let Q be a regular 1 partition of N. Let R := P m × Q be the partition of Σ A × N. Lemma 4.3. If K t 0 is ergodic, and Q is a generating regular partition (for K t 0 ) on N then P m × Q is a generating partition for T .
To prove the above lemma, we need the following result: 
Proof. Recall, [1, 32] , that a number a ∈ R is called an essential value of the cocycle φ if for every measurable C ∈ Σ A with µ(C) > 0, and every ǫ > 0 there exists N such that
Let E(φ) denote the set of essential values. Assume that for a positive measure set A ⊂ X, {S n (φ)(x)} n∈Z is not dense. This means that there exists a number a ∈ R, which is not an essential value of φ. Since the set of essential values is a closed subgroup of R (see [1, 32] ) it follows that E(φ) = bZ for some b ∈ R. This however is a contradiction with the aperiodicity assumption of φ (see eg. Corollary 8.3.5. in [1] ).
Proof of Lemma 4.3. Since Q is regular, it follows that ν(∂Q) = 0. Therefore, for some Z ⊂ N, ν(Z) = 1 and any y, y ′ ∈ Z, there exists r 0 ∈ Z such that K r 0 t 0 (y) and K r 0 t 0 (y ′ ) are not in one atom of Q and moreover, K r 0 t 0 (y), K r 0 t 0 (y ′ ) / ∈ ∂Q. Notice first that if for every n ∈ Z, T n (x, y) and T n (x ′ , y ′ ) are in the same atom of R, then x = x ′ (since P m is generating for σ A ). We will show that y = y ′ (for y, y ′ in a full measure set). If not, then for every n ∈ Z, K Sn(φ)(x) (y) and K Sn(φ)(x) (y ′ ) are in one atom of Q. Let x be such that {S n (φ)(x)} n∈Z is dense in R (this holds for a full measure set of x ∈ Σ A ). Let (n i ) be such that S n i (φ)(x) → r 0 t 0 . Then for a full measue set Z ′ ∈ N, and w ∈ {y, y ′ }, K Sn i (φ)(x) (w) → K r 0 t 0 (w). But since K r 0 t 0 (y), K r 0 t 0 (y ′ ) / ∈ ∂Q, it follows that for large enough i, we have that K Sn i (φ)(x) (y) and K Sn i (φ)(x) (y ′ ) are in different atoms of Q. This contradiction finishes the proof.
We have the following result adapted to our setting: If an atom r = Σ + A (x) × {z}, then the conditional measure on r is µ + x × δ z , where δ z is the Dirac measure at the point z. To simplify the notation, we will use µ + x,z instead of µ +
x × δ z . The following proposition is important in proving the VWB property.
Proposition 4.6 (VWB property). Assume T is the skew product with the fiber K t of zero entropy and that Q is a finite partition of N such that P m × Q is generating for T . Then T is very weak Bernoulli with respect to P m × Q if and only if for every ǫ > 0, there exist an ∈ N and a measurable set G ⊂ Σ A × N with µ × ν(G) > 1 − ǫ such that if (x, z), (x,z) ∈ G, there exists an ǫ-measure preserving map Φ (x,z),(x.z) :
Proof. The proof is similar to Proposition 3.2 in [19] . By Lemma 4.5, there exists a full measure set such that each atom in ∞ i=0 T i R is of the form Σ + A (·) × {·}. Then the proposition follows from the Lemma 4.2.
Proof of Theorem 1.3
We will show that under the assumptions of Theorem 1.3 the assumptions of Proposition 4.6 are satisfied. Since the proof is quite involved, we split it into several parts.
Summary of notations and setup
Fix a subshift of finite type (Σ A , σ, µ, D 2 ), and an ergodic flow (N, K t , ν, d). Let φ : Σ A → R be a Hölder function such that M φdµ = 0 and assume it is aperiodic. By Lemma 2.1, φ is cohomologous to a Hölder function that only depending on the past, thus WLOG 2 assume φ(ω) depends only on the past of ω.
Let Σ − A (x), Σ + A (x) be the stable and unstable set at x respectively. For x ∈ Σ A , we will consider x = (x − , x + ) for x − = (· · · , x −1 , x 0 ) ∈ Σ − A and x + = (x 1 , x 2 , · · · ) ∈ Σ + A . By Lemma 4.5, the unstable manifold of the skew product on Σ A × N is almost everywhere identified to Σ + A (·)×{·}. Due to this, let µ + x,z := µ + x ×δ z be the conditional measure when restricted to unstable manifold (set) of T φ on the product space
Let P m := (P 0 , . . . , P m−1 ) be the partition of Σ A into cylinders C [ω 0 ]. Let Q be a finite regular partition of N, such that R := P m × Q is generating for T φ and lim η→0 ν(U η ∂Q) = 0. This is guaranteed by our assumption on K t and Lemma 4.3.
Fix a sufficiently small ǫ > 0. Let c ∈ (0, 1 10 ) be such that ν(V c (∂Q)) < ǫ 100 . Let a = a(c, ǫ) > 100 be fixed such that
• 10ǫ a ≤ c,
Let c > ξ > 0 and j := j ǫ 2 ∈ N (in (C)) be such that for every y ∈ Z := Z j d(K t y, y) < c/20 (12) for every |t| < ξ (see (2) ) and ν(Z j ) ≥ 1−ǫ 2 . If necessary, by enlarging a or choosing smaller c, we may assume ξ ≥ ǫ 3a .
Cylinder sets
To construct the matching map, we will work with certain cylinder sets. We define them as follows. For any ω ∈ Σ A , denote n (B(α) )). The following result gives the estimates on µ + ω (B k (ω, m, α)).
Moreover, the convergence is uniform for k in any fixed compact subset of R.
We may enlarge a if necessary, so that k 0 ≤ ǫ −a . Let u ξ := u(−ξ/20, ξ/20). By Lemma 5.1, there exist a set Σ 4 ⊂ Σ 3 with µ(Σ 4 ) ≥ 1 − 2ǫ 2 and n 1 ≥ n 0 , such that for any n ≥ n 1 and k ∈ [−k 0 , k 0 ],
. Notice that the above inequality is equivalent to
Let's remark that, by the definitions of k 0 , n 1 (see (13) ), for any ω ∈ Σ 4 and n ≥ n 1 ,
Good subsets on Σ A × N
We will find "good" points (with respect to T φ ) on the fiber N as well as on the Σ A × N.
Since T φ is ergodic, by Birkhoff ergodic theorem, there exist L 1 > 0 and a subset V ⊂ Σ A × N with µ × ν(V ) ≥ 1 − ǫ 2 such that for any (x, z) ∈ V there exists a subset and any L ≥ L 1 ,
By the definition of quasi-elliptic, there is an i ≥ i ǫ 2a (in C), such that
Let S 1 := V ∩ (Σ 4 × N i ). Now by Lemma 4.5, there exists a full measure subset Γ 0 ⊂ ∞ i=0 T i φ R, such that if r ∈ Γ 0 , then there exists a z 0 ∈ N and a s ∈ Σ A such that (µ × ν) r a.e.
Construction of the matching
Now fix two atoms r 1 , r 2 ∈ Γ 1 . By the definition of Γ 1 and Lemma 4.5, there are x,x and z,z ∈ N i such that (x, z) ∈ S 1 and r 1 a.e.
= Σ +
A (x) × {z}, r 2 a.e.
Fix n 2 ≥ n 1 such that
This is possible because (x, z) ∈ S 1 , a i ≥ 100L 1 , and a i b i < ǫ 1000a . Firstly, in order to construct the matching, we will start with the following two sets for any fixed α ∈ Σ A :
Notice that by the choice of n 2 and ℓ ≤ a i , it follows that ℓ ≤ a i ≤ ǫ 20a √ n 2 . So it follows immediately that
Let I be the (finite) set of k's of maximal cardinality such that,
and for any k = k ′ ∈ I,B
k (x, n 2 , α) ∩B k ′ (x, n 2 , α) = ∅.
Since by definition, for any y ∈B k (x, n 2 , α),
Since Ψ :
hence by Proposition 3.1 (and smoothness of the function g ̺ ) that
For any k ∈ I, we compare the measures ofB k (x, n 2 , α) andB Ψ(k) (x, n 2 , α). In fact, by triangle inequality and (14) , decreasing ξ if necessary to get u ξ < 1 (recall that u is equivalent to Lebesgue),
Now since φ depends only on the past, S n 2 (φ)(x − , y 1 ) = S n 2 (φ)(x − , y 2 ) as long as (σ j (y 1 )) 0 = (σ j (y 2 )) 0 for any 1 ≤ j ≤ n 2 . This means that for each k ∈ I, B k (x, n 2 , α) (and alsoB k (x, n 2 , α)) is a union of cylinders of the form
] such that for any cylinder C ⊂B k (x, n 2 , α), C = C 1 ∈ α (C ∩ C 1 ). In particular (sinceB k (x, n 2 , α) is a union of cylinders),
Lemma 5.2. For any cylinder C ⊂B k (x, n 2 , α), and C ⊂B Ψ(k) (x, n 2 , α), there is an ǫ/4 measure preserving map Φ k,α,C : C → C that maps C ∩ C 1 to C ∩ C 1 for any
Proof. Notice that if ω 1 ∈ C and ω 2 ∈ C , then it follows by the definition of
Therefore by (11) , there is an ǫ/4 measure preserving map (given by the holonomy map) that maps σ n 2 (C ∩ C 1 ) to σ n 2 ( C ∩ C 1 ) for any C 1 ∈ α . By invariance of the conditional measure, it follows that there is an ǫ/4 measure preserving map Φ k,α,C that maps C ∩ C 1 to C ∩ C 1 for any C 1 ∈ α . Now combining (22), (23) and the above lemma, by discarding a set of measure at most 3ǫ 10a √ n 2 µ(B(α)) from the setB k (x, n 2 , α) orB Φ(k) (x, n 2 , α), we get an ǫ/4 measure preserving map Φ k,α fromB k (x, n 2 , α) toB Ψ(k) (x, n 2 , α) that maps C ∩ C 1 to C ∩ C 1 for any C 1 ∈ α .
Combining all {Φ k,α } k∈I , we thus obtain an ǫ/4 measure preserving map Φ α from B α toB α , by possibly discarding a subset of measure (from (22))
here we uses the fact that ǫ 3a ≤ ξ and k 0 ≤ ǫ −a . Moreover, by the definition of Φ α (more precisely Φ k,α ), it follows that for every y ∈ B k (x, n 2 , α) ∩ C 1 , we have that Φ k,α (y) ∈ B Ψ(k) (x, n 2 , α) ∩ C 1 for any C 1 ∈ α , which, by the definiton of Ψ (see (21) ) implies that (recall that φ depends only on the past)
for some θ := θ y,Φα(y) ∈ (− ξ 20 , ξ 20 ). Moreover, for every ℓ ∈ [n 2 ,
Varying α, by possibly discarding a set of total measures at most (from (15) and (24)) 4ǫ 2 + 2ǫ 5a ≤ ǫ/2, we can now glue the maps {Φ α } α , to obtain an ǫ/2 measure preserving mapΦ :
We now intersect the sets Σ + A (x) × {z} and Σ + A (x) × {z} with S 1 (see the definition of Γ 1 ). By further discarding the set of points in (Σ + A (x) × {z}) ∩ S 1 and (Σ + A (x) × {z}) ∩ S 1 for which (13) holds, and noticing the measure estimate in (13) and the definition of Γ 1 , we can restrictΦ to obtain an ǫ-measure preserving map
We have the following:
Proof. Notice first that by cocycle identity, for any n ≥ n 2 ,
Since φ is Hölder, there are a constant C 2 > 0 and a β > 0 such that for any
Notice the definition of Φ (in particular (26) ) (and the fact that σ n 2 A (y), σ n 2 A (Φy) ∈ B(α)), we have
Therefore by (30) , the absolute value of (29) is bounded from above by
This finishes the proof of (28).
Concluding the proof
We are now able to conclude the proof of Theorem 1.3 by applying Proposition 4.6.
For every ǫ > 0, letn :
×z be the ǫ-measure preserving map constructed above (see (27) ). Let U ⊂ Σ + A (x) × {z} be the set on which Φ is defined. Since Φ is ǫ-measure preserving it follows that (1) in Proposition 4.6 holds.
Proof. Notice that by (25) and Lemma 5.3 for every j ∈ [n 2 ,n],
Therefore, for someθ := θ + O(ǫ 4a ) < ξ/10,
So for every j ∈ [n 2 ,n] for which K S j (φ)(x − ,Φ(y)) (z) ∈ Z, by (12),
Moreover, since by definition y ∈ Σ + A (x) satisfies the estimate in (13) , it follows that
Therefore, by (19) and (C) in the definition of quasi-elliptic, for every j ∈ [n 2 ,n] for which
This together with (31) implies that for every j ∈ [n 2 ,n] for which
This implies that for every
By the definition of Φ, (x − , Φ(y),z) ∈ S 1 and so by (16) it follows that the proportion of such j ∈ [n 2 ,n] is at least (1−ǫ)n (we also use that, by (20) , we have n 2 ≤ c 20 ǫ 8n ). Moroever, by (26) , for every j ∈ [n 2 ,n], σ j A (y) is in the same atom of P m as σ j A (Φ(y)). Therefore, for at least (1 − ǫ)n proportion of j ∈ [n 2 ,n] where n ∈ Z is unique such that S n (ψ)(x) ≤ t + s < S n+1 (ψ)(x). The flow preserves the measure ν ψ which is the product measure restricted to Y ψ . Moreover, letd be Analogously, if T is an irrational rotation by α and ψ is a C 1 function, then it follows that the corresponding flow T ψ is also rigid and analogously to the case of translation flows, quasi elliptic. Such flows arise as representations of reparametrizations of linear flows on the two dimensional torus. Moreover, if the rotation is sufficiently Liouvillean, then [13] , the corresponding special flow is also weakly mixing (for some roof functions ψ).
We also have the following lemma: Proof. Let ǫ > 0 be small enough (depending on ψ and T ). By intersecting Q = (Q 1 , . . . , Q k ) with balls of radius ǫ/2 we can assume that max diam(Q i ) < ǫ. Let then Q ψ be the partition of Y ψ where we partition each set
into rectangles of height ǫ, until we hit the graph, in which case this neighborhood of the graph is one additional atom. Let t 0 < ǫ 2 be such that T ψ t 0 is ergodic (recall that an ergodic flow can have at most countably many non-ergodic times). Take (y, s) and (y ′ , s ′ ) and let n ∈ Z be such that T n y and T n y ′ are in different atoms of Q. Assume WLOG that n > 0 (if not, we argue in the negative direction). Let m = m(n) be the smallest such that d(T ψ mt 0 (y, s), (T n y, 0)) < ǫ (such m exists by the definition of t 0 ). If for every 0 ≤ k < m the points T ψ kt 0 (y, s) and T ψ kt 0 (y ′ , s ′ ) are in one atom of Q ψ , then it follows that if the first coordinate of T ψ kt 0 (y, s) is T i k y, then the first coordinate of T ψ kt 0 (y ′ , s ′ ) is T i k y ′ . Indeed if k 0 < m was the smallest for which the first coordinates of T ψ k 0 t 0 (y, s) and T ψ k 0 t 0 (y ′ , s ′ ) are different, then T ψ (k 0 −1)t 0 (y, s) and T ψ (k 0 −1)t 0 (y ′ , s ′ ) would have to be ǫ close to the graph of ψ (since they are in one atom). But then one of the points T ψ k 0 t 0 (y, s), T ψ k 0 t 0 (y ′ , s ′ ) is still close to the graph, while the other is close to the base (since the first coordinates are different). Then T ψ (m−1)t 0 (y, s) is a point which is ǫ close to the graph of ψ and its first coordinate is T n−1 y so the first coordinate of T ψ (m−1)t 0 (y ′ , s ′ ) is T n−1 y ′ . Then The first coordinate of T ψ mt 0 (y ′ , s ′ ) is either T n−1 y ′ and T ψ mt 0 (y ′ , s ′ ) is still close to the graph of ψ or it is T n y ′ . In both cases T ψ mt 0 (y, s) and T ψ mt 0 (y ′ , s ′ ) are in different atoms of Q ψ . Hence Q ψ is a generating partition. Moreover Q ψ is regular, since ψ is piecewise Lipschitz. This finishes the proof.
Notice that if T is a minimal IET (including irrational rotations), then there always exist a regular generating parition for T . Indeed it is enough to take P to consist of sufficiently small intervals compatible with the continuity intervals for T . By minimality we then get that for ANY two points x, y ∈ [0, 1) there exists a time n 0 such that T n 0 x and T n 0 y are in different atoms of P. As a consequence, we get: Corollary 6.3. A typical (in the measure theoretic sense) translation flow admits a regular generating partition and is quasi-elliptic. The same holds for special flows over rotations and under C 1 smooth roof functions. Remark 6.4. We remark that it should be possible to prove quasi-ellipticity and existence of regular partitions for a broad class of rank one systems. In this paper we focused however on examples coming from smooth (or piecewise smooth) dynamics.
